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We consider identical quantum bosons with weak contact interactions in a two-dimensional
isotropic harmonic trap. When the interactions are turned off, the energy levels are equidistant
and highly degenerate. At linear order in the coupling parameter, these degenerate levels split, and
we study the patterns of this splitting. It turns out that the problem is mathematically identical to
diagonalizing the quantum resonant system of the two-dimensional Gross-Pitaevskii equation, whose
classical counterpart has been previously studied in the mathematical literature on turbulence. Our
purpose is to explore the implications of the symmetries and energy bounds of this resonant system,
previously studied for the classical case, for the quantum level splitting. Simplifications in comput-
ing the splitting spectrum numerically result from exploiting the symmetries. The highest energy
state emanating from each unperturbed level is explicitly described by our analytics. We further-
more discuss the energy level spacing distributions in the spirit of quantum chaos theory. After
separating the eigenvalues into blocks with respect to the known conservation laws, we observe the
Wigner-Dyson statistics within specific large blocks, which leaves little room for further integrable
structures in the problem beyond the symmetries that are already explicitly known.
I. INTRODUCTION
Energy levels of quantum identical interacting
bosons in harmonic traps have often been studied
in the literature [1–10], motivated in particular by
the physics of cold atomic gases. Contact interac-
tions between the bosons commonly appear in such
studies as the simplest possible choice for the two-
particle potential that is expected to retain realistic
features. Our purpose in this article is to report on
rich mathematical structures emerging from studies
of bosons with weak contact interactions in a two-
dimensional isotropic harmonic trap, and the conse-
quences these structures have for the makeup of the
energy spectrum.
Most of the past publications dealing with related
systems have focused on particular small numbers of
bosons. For instance, [1] reports an exact solution
of the problem involving two bosons in a harmonic
trap with contact interactions of arbitrary strength.
A notable exception is [10], which studies effects of
symmetries on the spectrum of an arbitrary number
of atoms with finite strength contact interactions in
a harmonic trap. Our perspective will be quite sim-
ilar, but the strength of the interactions will be as-
sumed small (more precisely, our results are valid
at linear order in the coupling parameter). This al-
lows for more extensive analytic exploration of the
structure of the spectrum.
If the interactions are turned off altogether, the
eigenstates of the multi-boson system are simply
constructed by having the bosons independently oc-
cupy the energy levels of the harmonic potential, and
the total energy is a sum of contributions of the indi-
vidual noninteracting bosons. Since the energies of
harmonic potential eigenstates are integer in appro-
priate units, one ends up with integer energy eigen-
values for the multi-boson system, and the degen-
eracies of the energy levels are very high, since there
are many ways to partition a given integer amount of
energy into the integer energies of individual bosons.
(These level degeneracies furthermore grow without
bound as the energy is increased.) When weak con-
tact interactions between the bosons are turned on,
the highly degenerate free-boson energy levels split,
and the pattern of the splitting at leading order in
the interaction strength is computed by diagonaliz-
ing the interaction Hamiltonian within each degen-
erate unperturbed energy level, which is a standard
quantum-mechanical procedure. These level split-
ting patterns will be the main subject of our analy-
sis.
If one is interested in the splitting pattern of a
given unperturbed level, diagonalizing a finite-sized
matrix of the interaction Hamiltonian matrix ele-
ments is all one has to do. This is straightforward for
numerical evaluation, yet little can be said about the
general structure of the spectrum, since one matrix
has to be diagonalized for each unperturbed level,
and the sizes of the matrices (determined by the un-
perturbed level degeneracies) grow without bound as
one moves to higher energies. However, specifically
for bosons with contact interactions in an isotropic
two-dimensional harmonic trap, the diagonalization
problems involved display rich symmetry structures
that relate the energy shifts of different unperturbed
levels, and impose significant constraints on the pat-
terns in the spectrum.
A key observation that makes our analysis pos-
sible is that the diagonalization problem involved
in finding the energy shifts is identical to diagonal-
izing the quantized version of the resonant system
of the two-dimensional Gross-Pitaevskii equation in
an isotropic harmonic trap. The Gross-Pitaevskii
equation (which physically describes the condensed
regime of our interacting bosons) is a partial differen-
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2tial equation (PDE) that can be approximated in the
weakly nonlinear regime by the corresponding reso-
nant Hamiltonian system, an approach commonly
taken in the mathematical literature on turbulence
[11, 12]. The enhanced symmetries of this classi-
cal resonant system have been presented explicitly
in the past, see [12]. Quantum resonant systems, on
the other hand, have been considered in [13] from
a perspective geared toward quantum chaos studies.
Our strategy here is to translate the classical symme-
tries and energy bounds of [12] to the corresponding
quantum resonant system, and to relate the results
to the energy level splitting of bosons with weak con-
tact interactions.
Another issue that naturally comes to mind is
whether there are symmetries in the problem beyond
the ones we use. To shed light on this question, we
turn to quantum chaos theory [14–16], which pur-
ports that integrable and chaotic systems are char-
acterized by qualitatively different distributions of
distances between neighboring energy levels. For in-
tegrable systems, the distribution is Poissonian [17],
so that, as far as the level spacing statistics is con-
cerned, the energy levels appear random and com-
pletely uncorrelated. Chaotic systems, on the other
hand, are associated with a phenomenon known as
level repulsion, captured by the Wigner-Dyson dis-
tribution of the level spacings [18]. In our case,
we already know a few explicit operators that com-
mute with the Hamiltonian, and one must factor this
knowledge into the study of the level spacing statis-
tics. If the statistics is built indiscriminately for all
energy levels, one observes the Poisson distribution
typical of integrable systems. This is merely a re-
flection of the fact that eigenvalues split into blocks
with respect to the conserved quantities, and with-
out correlations between eigenvalues in the different
blocks, the joint level spacing statistics mimics that
of random energy levels [16]. What is more relevant
is to plot the level spacing distributions separately
within such blocks. Once we do that taking into ac-
count all the conserved quantitites of [12], most of
the large blocks display Wigner-Dyson-like, rather
than Poissonian, distributions. This suggests that
no integrability is to be expected, and further ana-
lytic structures, if any, must be very subtle. (We do,
however, find Poisson-like distributions in a very re-
stricted part of the spectrum characterized by rapid
rotation.)
The paper is organized as follows: In section II, we
review bosons with contact interactions in harmonic
traps, and their energy level splitting at linear order
in the coupling parameter, and then explain the con-
nection between these considerations and quantum
resonant systems. In section III, we demonstrate the
use of our techniques by focusing on specific multi-
plets in the so-called Lowest Landau Level (LLL)
sector, for which the analysis simplifies. In section
IV, we generalize the analysis of section III to arbi-
trary energy levels. We conclude with a summary
and discussion.
II. TRAPPED BOSONS, ENERGY
SHIFTS AND RESONANT SYSTEMS
We consider the second-quantized representation
of identical bosons with contact interactions of
strength g in an isotropic harmonic potential:
H = H0 + gHint, (1)
H0 = 1
2
∫
(∇Ψ† · ∇Ψ + (x2 + y2)Ψ†Ψ) dx dy, (2)
Hint = pi
∫
Ψ†2Ψ2 dx dy. (3)
Here, Ψ(x, y) is a quantum nonrelativistic bosonic
field satisfying the commutation relations
[Ψ†(x, y),Ψ(x′, y′)] = −δ(x− x′) δ(y − y′). (4)
We shall be focusing on small values of the coupling
parameter, g  1. It will be convenient to further
assume g ≥ 0 to simplify the wording (for exam-
ple, to refer to the highest rather than lowest energy
state within each fine structure multiplet), though
our derivations are equally valid for small negative
couplings. The factor of pi is inserted on the right-
hand side of (3) for future convenience and may be
absorbed, if desired, into a redefinition of g.
We note that known subtleties exist with defining
the operator product at the same point in (3), but
these subtleties will not be relevant for our treat-
ment. The issue is commonly stated in the lan-
guage of first quantization, where the naive product
given in (3) corresponds to the interparticle poten-
tial V (ri − rj) ∼ δ(ri − rj) between particles num-
ber i and j of an N -body system. It is known that
wavefunctions of multiparticle systems with contact
interactions possess singularities at coincident parti-
cle positions ri = rj , originating from the singulari-
ties of the Laplacian Green’s function in more than
one spacial dimension. Since one has to define prod-
ucts of the wave functions and the potential to for-
mulate the Schrödinger equation, naive δ-functions
in the potential are not acceptable and need to be
replaced by a modification that can be multiplied
by wavefunctions with specific singularities at coin-
cident particle positions. This is clearly explained
in [1] for two particles in three spatial dimensions,
where the wavefunctions are allowed to have 1/r sin-
gularities and the δ(r) has to be replaced by the op-
erator δ(r)∂rr. Note that, if applied to any nonsin-
gular function, this operator acts exactly like a naive
δ-function, but its action is also defined for functions
with 1/r singularities. This also explains why this
subtlety is irrelevant for our considerations: as we
shall deal with the first order of perturbation theory
in g, we only need to compute the matrix elements
of the interaction Hamiltonian between noninteract-
ing eigenstates. But the noninteracting eigenstates
3are smooth functions, without any singularities at
coincident particle positions, and hence using naive
δ-functions, and naive products of second-quantized
fields in (3), is just as good as using the correct
regulated expressions, and evidently we shall not
encounter any divergences in evaluating matrix el-
ements of the naive expression (3).
Setting for a moment g = 0 in (1), one obtains
noninteracting bosons in a harmonic trap, and the
energy spectrum descends directly from the one-
particle spectrum by a simple addition of energies.
One can decompose Ψ in terms of the harmonic os-
cillator eigenfunctions ψnm as
Ψ(x, y) =
∑
n,m
αnmψnm(x, y), (5)
with ψnm satisfying
1
2
(−∂2x − ∂2y + x2 + y2)ψnm = (n+ 1)ψnm,
− i∂ϕψnm = mψnm, (6)
where ϕ is the polar angle in the (x, y)-plane. These
states thus carry n+ 1 units of energy and m units
of angular momentum, with n being a nonnegative
integer and m ∈ {−n,−n + 2, . . . , n − 2, n}. The
creation-annihilation operators α†nm and αnm satisfy
the standard commutation relations
[α†nm, αn′m′ ] = −δnn′δmm′ . (7)
The noninteracting Hamiltonian H0 is then ex-
pressed as
H0 =
∑
nm
nα†nmαnm, (8)
where we have subtracted the irrelevant vacuum en-
ergy contribution by replacing n + 1 with n. The
eigenstates of H0 are simply given by the Fock basis
states, generated by acting on the vacuum state |0〉
(one has αnm|0〉 = 0) with the creation operators
α†nm to produce a state with the set of occupation
numbers {ηnm}, one for each one-particle mode la-
belled by n and m:
|{ηnm}〉 =
∏
nm
(α†nm)
ηnm
√
ηnm!
|0〉. (9)
These satisfy, for any n and m,
α†nmαnm|{η}〉 = ηnm|{η}〉, (10)
and hence they are eigenstates of (8) with eigenval-
ues
E{η} =
∑
nm
n ηnm. (11)
There are of course many ways to generate the same
value of E by combining the integer numbers n and
ηnm. Correspondingly, the energy levels of (8) are
highly degenerate (and the degeneracies grow with-
out bound as one moves to higher energies).
A note is in order on the set of eigenfunctions
to be used in the decomposition (5). A common
choice for the orthonormal set of two-dimensional
harmonic oscillator energy eigenfunctions is given (in
polar coordinates) by
ψnorm.nm =
√
( 12 (n− |m|))!
( 12 (n+ |m|))!
r|m|√
pi
L
|m|
n−|m|
2
(r2)e−r
2/2eimφ,
(12)
see, e.g., [19]. Here, Lαn are the generalized Laguerre
polynomials. These functions are, of course, defined
up to phase factors, which are completely irrelevant
in the noninteracting theory. When considering in-
teractions, however, different choices of the phase
factors in (12) will lead to equivalent theories, but
may be more or less efficient from the standpoint
of simplifying the algebraic expressions and making
their structure more apparent. For the purposes of
our algebra it turns out beneficial to introduce an ex-
tra sign factor in the definition of the eigenfunctions
as follows:
ψnm = (−1) 12 (m−|m|)ψnorm.nm . (13)
With this sign factor, the wavefunctions can be con-
veniently transformed in a manner identical to the
considerations of [20] using identities for Laguerre
polynomials. Using the explicit expressions for the
Laguerre polynomials,
Lµn(ρ) =
n∑
k=0
(−1)k (n+ µ)!
k!(n− k)!(k + µ)!ρ
k, (14)
and remembering that factorials of negative numbers
are infinite, we obtain for every integer µ
Lµn(ρ) = (−1)µ
(n+ µ)!
n!
ρ−µL−µµ+n(ρ). (15)
Therefore, one can see that introducing the extra
sign factors amounts to using eigenfunctions that
can be written as the original ψnorm.nm but without
absolute values,√
((n− |m|)/2)!
((n+ |m|)/2)!r
|m|L|m|n−|m|
2
(r2)e−r
2/2 (16)
= (−1) 12 (m−|m|)
√
((n−m)/2)!
((n+m)/2)!
rmLmn−m
2
(r2)e−r
2/2,
or
ψnm =
√
( 12 (n−m))!
( 12 (n+m))!
rm√
pi
Lmn−m
2
(r2)e−r
2/2eimφ.
(17)
In the following, we shall use these expressions in the
decompositions (5), which in fact brings us in accord
with the conventions of [12] and lets us conveniently
reuse the mathematical structures developed there.
4We are now in a position to study weak contact
interactions. To this end, we substitute the decom-
position (5) in the interaction Hamiltonian (3) to
obtain
Hint = 12
∑
n1,n2,n3,n4≥0
m1+m2=m3+m4
Cm1m2m3m4n1n2n3n4 α
†
n1m1α
†
n2m2αn3m3αn4m4 .
(18)
The sum only contains terms satisfying m1 +m2 =
m3 +m4 as an immediate consequence of the angu-
lar momentum conservation by contact interactions.
We have furthermore introduced the interaction co-
efficients defined by
Cm1m2m3m4n1n2n3n4 = 2pi
∫
ψ∗n1m1ψ
∗
n2m2ψn3m3ψn4m4r dr dφ
(19)
whose properties will play a key role in our analysis.
Note that, with the conventions we have adopted,
C00000000 = 1. (20)
A standard approach to small perturbations of
quantum dynamics in confining potentials, known
as the Rayleigh-Schrödinger perturbation theory, is
to analyze the corrections to energy levels and eigen-
states as power series in the interaction strength g.
If the unperturbed levels are degenerate, as they are
in the case at hand, level splitting will be in gen-
eral induced by perturbations. At linear order in
g, this level splitting is analyzed by computing the
eigenvalues εI of the matrix
〈{η}|Hint|{η′}〉, (21)
where |{η}〉 and |{η′}〉 are two unperturbed Fock
states of the form (9) with the same value of the
unperturbed energy given by (11). Since Hint con-
serves the number of particles, |{η}〉 and |{η′}〉 must
also contain the same total number of particles
N{η} =
∑
nm
ηnm. (22)
For any given N and E, (21) is a finite-sized numer-
ical matrix with the entries expressed through the
interaction coefficients (19). Once its eigenvalues εI
have been found, the corresponding perturbed en-
ergy levels are given at order g by
E˜I = E + g εI . (23)
We note in passing that the structure of the un-
perturbed levels, and the diagonalization problem
arising here at linear order in g, parallel closely what
one would have encountered if treating quantum rel-
ativistic interacting fields in Anti-de Sitter space-
time (a brief summary can be found in [21]). This is
not a coincidence, since nonrelativistic bosonic fields
in harmonic potentials arise systematically through
taking nonrelativistic limits of field systems in Anti-
de Sitter spacetime [22, 23]. (Energy levels of quan-
tum interacting fields in Anti-de Sitter spacetime
have recently been considered from a different per-
spective in [24].)
Because the energy carried by |{η}〉 and |{η′}〉 in
(21) is the same, the two annihilation operators in
Hint must remove the same total amount of energy
as what the two creation operators add, i.e., only
terms with n1 +n2 = n3 +n4 in (18) may contribute
in the matrix elements (21). This results in a sim-
plification that is straightforward, but has welcome
analytic consequences. Namely, for the purposes of
computing the shifted energy levels (23), one may
replace Hint in (21) by Hres defined by
Hres = 12
∑
n1+n2=n3+n4
m1+m2=m3+m4
Cm1m2m3m4n1n2n3n4 α
†
n1m1α
†
n2m2αn3m3αn4m4 .
(24)
We note that the classical system corresponding to
(24) is described by the Hamiltonian
Hres = 12
∑
n1+n2=n3+n4
m1+m2=m3+m4
Cm1m2m3m4n1n2n3n4 α
∗
n1m1α
∗
n2m2αn3m3αn4m4
(25)
for complex-valued dynamical variables αnm(t) and
α∗nm(t) with the symplectic form i
∑
nm dα
∗
nm ∧
dαnm. The corresponding equations of motion are
i
dαnm
dt
=
∑
n+n1=n2+n3
m+m1=m2+m3
Cmm1m2m3nn1n2n3 α
∗
n1m1αn2m2αn3m3 . (26)
This classical Hamiltonian has been studied in the
literature [12, 20] as the resonant approximation to
the Gross-Pitaevskii equation, which is the classical
limit of (1) – see also [11] where the same resonant
Hamiltonian emerges from approximating a differ-
ent related PDE. Similar resonant Hamiltonian sys-
tems emerge as approximations to other physically
motivated PDEs, see [22, 23, 25–29]. It is not sur-
prising that a close relation exists between applying
the resonant approximation in a classical theory and
the first order of the Rayleigh-Schrödinger pertur-
bation theory for the quantum version of the same
problem, since both approaches succeed in approxi-
mating the time evolution of the perturbed system
on time scales of order 1/g at small values of the
coupling parameter g.
Studies of the classical resonant system (25-26)
have produced a large set of conserved quantities (a
list can be found in [12]). Since the conserved quan-
tities are bilinear in αnm and α∗nm, their quantiza-
tion is straightforward and does not incur ordering
ambiguities. This results in a set of operators com-
muting with the quantum Hamiltonian (24) that can
be presented in terms of the following combinations
N =
∑
nm
α†nmαnm, (27)
5E =
∑
nm
nα†nmαnm, (28)
M =
∑
nm
mα†nmαnm, (29)
Z+ =
∑
nm
√
n+m+ 2
2
α†n+1,m+1αnm, (30)
Z− =
∑
nm
√
n−m+ 2
2
α†n+1,m−1αnm, (31)
W =
∑
nm
√
n2 −m2
2
α†nmαn−2,m. (32)
The last three operators are not Hermitian, and their
Hermitian conjugates Z†+, Z
†
− andW † should also be
included. We do not explicitly give the summation
ranges of n and m, but it is understood, here and
elsewhere, that summations run over all possible val-
ues of n and m for which the creation-annihilation
operators in the summand correspond to existing
modes. As a reminder, αnm corresponds to an ac-
tual oscillator mode if n ≥ 0, |m| ≤ n, and n−m is
even.
While the conservation of N , E andM is straight-
forwardly seen from the general structure of the res-
onant Hamiltonian (24), the conservation of Z+, Z−
and W relies on the specific form of the interaction
coefficients C given by (19) and is not immediately
obvious. These conservation laws were established in
[11] where the resonant system (25-26) was derived
for bosons with contact interactions without a har-
monic trap. The reason the same resonant system
is of relevance both with and without a harmonic
trap is that, specifically in two dimensions and for
contact interactions, the two situations are mapped
into each other using the so-called ‘lens transform,’
also known as the pseudo-conformal compactifica-
tion [33, 34]. Thus, as explicitly pointed out in [12],
the same conservation laws are respected in the pres-
ence of a harmonic trap. As the original derivations
of the conservation laws in the mathematical liter-
ature would have taken us rather far outside our
present context, we feel it beneficial to present ele-
mentary proofs, which we give in Appendix A. The
essence of these proofs is that the harmonic oscillator
mode functions (17) are expressed through the La-
guerre polynomials, and identities for the Laguerre
polynomials imply that the interaction coefficients
defined by (19) satisfy certain finite difference equa-
tions with respect to their mode number indices.
These finite difference equations, in turn, imply the
conservation of Z+, Z− and W .
What do the conserved quantities (27-32) tell us
about the diagonalization of (24), and consequently
about the energy shifts (23)? First of all, since N ,
E and M commute not only with Hres but also
with each other, the four operators can be diago-
nalized simultaneously, grouping the eigenvalues of
Hres into (N,E,M)-blocks, labelled by the integer
eigenvalues of N , E and M (which equal
∑
ηnm,
0 1 2 3 4-1-2-3-4
0
1
2
3
4
M
E
Z+Z--
W
FIG. 1. The action of raising operators Z+, Z− and
W in the (M,E)-plane. The patterns of consecutive
moves generated by Z+, Z− and W are closely remi-
niscent of (though not exactly identical to) the so-called
Motzkin walks. (Definitions and some recent applica-
tions to quantum spin chains can be found in [35, 36].)
∑
n ηnm and
∑
mηnm, respectively). In fact, since
N , E and M are diagonal in the Fock basis, the
block-diagonal structure of Hres is seen directly by
considering its Fock basis matrix elements. Evi-
dently, there are finitely many states for a given
triplet (N,E,M). Each such block describes energy
shifts (23) of the unperturbed level of energy E in
the sector with N particles carrying a total of M
units of angular momentum. Now, the action of Z+
moves any state in an (N,E,M)-block to a state in
the (N,E+ 1,M + 1)-block, the action of Z− moves
any state in an (N,E,M)-block to a state in the
(N,E+ 1,M − 1)-block, and the action of W moves
any state in an (N,E,M)-block to a state in the
(N,E + 2,M)-block, as depicted in Fig. 1.
Since Z+, Z− and W commute with Hres, their
action will copy the eigenvalues from lower to higher
(N,E,M)-blocks. A distinctive signature of this
structure is that many energy shifts εI in (23) will
be identical for different unperturbed energy levels,
and thus infinitely many integer energy differences
of the noninteracting boson spectrum will survive
at linear order in g. This is in fact a reflection
of the general pattern valid for any g, translated
into the resonant system (24). Indeed, the center-
of-mass motion is known to separate for bosons with
arbitrary translation-invariant interactions confined
in a harmonic trap (see, e.g., [30]). The energy of
the center-of-mass, given by an energy eigenvalue
of a two-dimensional harmonic oscillator, is simply
added to the energy of the relative motion. The two-
dimensional harmonic oscillator admits two indepen-
dent raising operators increasing the energy value
by 1 unit, which corresponds in the language of the
resonant system to the action of Z+ and Z−. Addi-
tional symmetry enhancement exists specifically for
bosons with contact interactions in two spatial di-
mensions, where the symmetry is extended to the
full Schrödinger group [31, 32]. This results in the
existence of the Pitaevskii-Rosch breathing mode
6and the corresponding independent raising operator
increasing the energy by 2 units [10]. This corre-
sponds to the action of W . We note that the rais-
ing operators of the original system are not symme-
tries in the standard Hamiltonian sense (they have
nontrivial commutation relations with the Hamilto-
nian), but they are translated into ordinary Hamil-
tonian symmetries (operators commuting with the
Hamiltonian) in the language of the resonant sys-
tem (24).
While the symmetries of the resonant system (24)
originate from the known symmetry structures of
the original problem (1), their operation has more
powerful consequences. Indeed, under normal cir-
cumstances, symmetries allow generating new en-
ergy eigenstates from a known energy eigenstate, but
do not simplify the process of finding additional en-
ergy states outside a given symmetry multiplet. In
our case, the spectrum of (24) splits into finite-sized
blocks (originating from the degenerate energy lev-
els of noninteracting bosons), which allows for com-
puting parts of the spectrum exactly, independently
of other parts of the spectrum. Then, for exam-
ple, instead of computing all eigenvalues in blocks
up to a certain energy, one can simply diagonalize a
single sufficiently large block, and then recover the
lower blocks by repeatedly acting with Z†± and W †
on the explicitly found eigenvectors. (Alternatively,
one can diagonalize operators like Z+Z
†
+ simultane-
ously with Hres, and this will allow for recovering
energy eigenvalues from lower blocks, as we shall
briefly describe in section IV.) Separation of energy
eigenstates with respect to the action of the sym-
metries (30-32) will also play a crucial role in our
analysis of the level spacing statistics. Furthermore,
a number of mathematical results are known for the
classical counterpart (25) of our system (24), such as
bounds on the classical Hamiltonian, and they have
implications for the quantum problem we are consid-
ering. Our goal for the rest of this treatment will be
to systematically explore these issues, and to com-
ment on the eigenvalue statistics in hope of address-
ing the question whether the set of symmetries we
have used is complete. As considerations for general
(N,E,M)-blocks become rather involved, we shall
start by focusing on blocks with E = M , known
as the Lowest Landau Level (LLL), where the alge-
bra simplifies considerably, and all essential concepts
and techniques may be more transparently demon-
strated. We shall thereafter proceed with our anal-
ysis of general (N,E,M)-blocks.
III. THE LLL SECTOR
A. Classical and quantum LLL truncation
It is well-known [12, 37–39] that the classical reso-
nant system (25-26) can be consistently truncated to
the set of modes satisfying n = m, the so-called Low-
est Landau Level (LLL) sector. Setting all modes
with n 6= m to zero in the initial state guarantees
that they never get excited by the evolution equa-
tion (26). (The same set of LLL modes has often ap-
peared in more phenomenological studies of rapidly
rotating trapped Bose-Einstein condensates [40].)
Classical truncations of this sort in general have
no direct implications for the quantum theory, since
the uncertainty principle makes it impossible to set
canonical variables to zero. The LLL truncation
happens to have a direct translation to the quantum
system (24), nonetheless, for reasons that are essen-
tially kinematical. Consider an (N,E,M)-block of
Fock states with N particles, E units of energy and
M units of angular momentum, and impose E = M .
Then, the occupation numbers ηnm in the corre-
sponding Fock states must vanish for n 6= m. In-
deed, only modes with m ≤ n exist, and having any
modes with m < n excited guarantees that the to-
tal angular momentum M is less than the total en-
ergy E, in contradiction with our assumption. Thus,
any block with E = M is entirely composed of LLL
states. Creation-annihilation operators correspond-
ing to non-LLL modes do not contribute to matrix
elements (21) between any two states in an E = M
block. We shall refer to the E = M blocks as ‘LLL
blocks’ for obvious reasons.
In view of the above picture, for the analysis of
level splitting in the LLL blocks, the full resonant
Hamiltonian (24) can be replaced by the following
simpler LLL Hamiltonian
HLLL = 12
∞∑
n1,n2,n3,n4=0
n1+n2=n3+n4
Cn1n2n3n4α
†
n1α
†
n2αn3αn4 . (33)
Here, we have relabelled αnimi with ni = mi as sim-
ply αni . The LLL interaction coefficients can be
directly evaluated [12] as a special case of (19) re-
sulting in the following simple expression:
Cn1n2n3n4 =
((n1 + n2 + n3 + n4)/2)!
2n1+n2
√
n1!n2!n3!n4!
. (34)
The classical system corresponding to the LLL
Hamiltonian (33) has been studied as an approxi-
mation to the Gross-Pitaevskii equation for Bose-
Einstein condensates [12, 37–39], and possesses
many special properties, for example it admits an in-
variant manifold where the nonlinear equations can
be solved exactly, and the solutions show interesting
long-term return behaviors [38]. Spatial positions of
zeros of the wavefunctions (known as ‘vortices’) cor-
responding to some solutions may also be analyzed
to a great extent [39]. This system is a representa-
tive of a very large class of partially solvable reso-
nant systems developed in [41], which are of the form
(33) but with different choices of the interaction co-
efficients C, and which share many of the special
dynamical features we have just mentioned.
The quantum Hamiltonian (33-34), which is what
is of interest for us here, inherits the following con-
7served quantities from (27-32):
N =
∞∑
k=0
α†kαk, E =
∞∑
k=1
kα†kαk,
Z =
∞∑
k=0
√
k + 1α†k+1αk. (35)
The commutators of these operators withHLLL van-
ish, and the commutators among themselves and
with Z† vanish except for
[E,Z] = Z, [E,Z†] = −Z†,
[Z,Z†] = −N. (36)
Energy spectra of systems of the form (33) with
general interaction coefficients C have been studied
numerically in [13]. We shall now examine how the
specific symmetry structures emerging for C given
by (34) influence the eigenvalue patterns.
B. Structure of the Hamiltonian blocks
The structure of the eigenvalue problem for the LLL
Hamiltonian (33) is inherited as a simplified version
from what has been described in the previous sec-
tion for the full resonant Hamiltonian (24). On the
other hand, the generalities of diagonalizing Hamil-
tonians of the form (33) with arbitrary interaction
coefficients C have been spelled out in [13], and we
shall closely follow that treatment.
One starts with defining the LLL Fock basis as
|η0, η1, . . . 〉 =
∞∏
k=0
(α†k)
ηk
√
ηk!
|0, 0, 0, . . . 〉, (37)
such that
α†kαk|η0, η1, . . . 〉 = ηk|η0, η1, . . . 〉 (38)
for any k, and ηk are nonnegative integers. The
eigenvalues of N and E in this basis are evidently
N = η0 +
∞∑
k=1
ηk, E =
∞∑
k=1
k ηk. (39)
The Hamiltonian (33) has nonvanishing matrix ele-
ments between |η0, η1, . . . 〉 and |η′0, η′1, . . . 〉 only for
two sets of occupation numbers {ηk} and {η′k} hav-
ing the same values of N and E. Thus, the Hamil-
tonian is block-diagonal in the Fock basis, where
the blocks are labeled by the nonnegative numbers
(N,E). The number of states in an (N,E)-block is
given by the number of integer partitions of E into
at most N parts [13], a well known number-theoretic
function usually denoted as pN (E). One thus has to
diagonalize finite-sized pN (E) × pN (E) matrices to
get the eigenvalues of (33) within each (N,E)-block.
Up to this point, our discussion of the diagonal-
ization has been generic and did not make any ref-
erence to the specific form of the interaction coef-
ficients given by (34). For this specific form of the
interaction coefficients, an extra conserved operator
Z given by (35) and its Hermitian conjugate enter
the game. These operators act as raising and lower-
ing operators for E: namely, acting on a state in an
(N,E)-block, Z produces a state in the (N,E + 1)-
block, and Z†, a state in the (N,E−1)-block. Since
Z and Z† commute with HLLL, eigenvectors of the
latter are mapped into eigenvectors by this action,
while their eigenvalues remain intact.
We are thus brought to the first qualitative con-
clusion of our analysis. By the action of Z, eigenval-
ues are recursively copied from lower (N,E)-blocks
to higher (N,E)-blocks. Thus, each eigenvalue is
present in infinitely many copies. For any two blocks
(N,E1) and (N,E2) with E1 < E2, the HLLL eigen-
values of the first block are a subset of the eigen-
values of the second block. The energy shifts εI in
(23) for the two corresponding unperturbed levels
are evidently in the same relation.
How do new eigenvalues emerge in this picture
as we move to higher values of E? The action of
Z copies all the pN (E) eigenvalues of the (N,E)-
block into the (N,E + 1)-block. The latter block
has pN (E + 1) > pN (E) eigenvalues, and the excess
eigenvalues must correspond to eigenvectors annihi-
lated by Z†. Indeed, if they were not annihilated
by Z†, the action of Z† would have produced an
eigenvector the (N,E)-block with the same eigen-
value, in contradiction with our assumption that the
eigenvalue is new. Thus, any new eigenvalues in the
(N,E+1)-block compared to the (N,E)-block must
come from vectors |Ψ〉 in the kernel of Z†,
Z†|Ψ〉 = 0. (40)
In order for the whole picture to be consistent, the
dimension of this kernel within the (N,E+ 1)-block
must precisely account for the difference in the di-
mensions of the (N,E)- and (N,E + 1)-blocks:
dim(N,E+1)
(
kerZ†
)
= pN (E + 1)− pN (E). (41)
To see this structure more explicitly, note first that
Z cannot annihilate a nonvacuum state. Indeed, by
(36),∣∣Z|Ψ〉∣∣2 = ∣∣Z†|Ψ〉∣∣2 + 〈Ψ|N |Ψ〉 ≥ 〈Ψ|N |Ψ〉. (42)
Thus, by acting with Z on a complete basis |ΨI〉
in the (N,E)-block containing pN (E) elements, we
obtain pN (E) linearly independent vectors Z|ΨI〉 in
the (N,E + 1)-block. Consider the orthogonal com-
plement of the subspace spanned by these vectors
within the (N,E + 1)-block, which by construction
has pN (E+ 1)− pN (E) dimensions. Any of the vec-
tors |Φ〉 in this orthogonal complement must be an-
nihilated by Z† since, on the one hand, Z†|Φ〉 be-
longs to the (N,E)-block, and on the other hand it
is orthogonal to all states in the (N,E)-block, since
〈ΨI |Z†|Φ〉 = 0 as a consequence of |Φ〉 being or-
thogonal to Z|ΨI〉. Therefore any such |Φ〉 is in the
8kernel of Z†, while none of the vectors Z|ΨI〉 can be
in the kernel of Z† as |Z†Z|ΨI〉|2 > 0 by (36). We
have thereby established (41).
The picture we have presented leads to simplifi-
cations in generating the spectrum of HLLL numer-
ically. Instead of individually diagonalizing all the
(N,E)-blocks, as one does for generic resonant sys-
tems [13], we may simply choose one block with a
sufficiently large E, and diagonalize explicitly only
this block. All the eigenvalues of the blocks with
the same N and lower E are contained in this block
due to the inheritance property we have described.
These eigenvalues of the lower blocks can be ex-
tracted by either repeatedly acting on the eigenvec-
tors of the given (N,E)-block with Z†, or by diago-
nalizing ZZ† simultaneously with HLLL in the given
(N,E)-block. Indeed, the eigenvectors in the kernel
(40) will be annihilated by ZZ†, while nonzero eigen-
values of ZZ† will mark the energy eigenstates that
have descended from the lower values of E via the
action of Z. The eigenvalues of ZZ† can be obtained
from the commutation relations (36), and they de-
pend on the value of E in the block where a given
energy eigenvalue first appears before being trans-
ported to the current block by the action of Z. This
is why inspecting the eigenvalues of ZZ† allows for
a recovery of the lower (N,E)-blocks from a given
block.
One particular eigenvalue stands out prominently
in the inheritance process we have described. One
can start with the (N, 0)-block that contains only
one state, |N, 0, 0, . . .〉, which is of course an eigen-
state of HLLL,
HLLL|N, 0, 0, . . .〉 = N(N − 1)
2
|N, 0, 0, . . .〉. (43)
The corresponding eigenvalue N(N − 1)/2 will be
propagated by the action of Z to all the higher
(N,E)-blocks, where it will correspond to the vec-
tor ZE |N, 0, 0, . . .〉. We shall now derive bounds on
HLLL, which make it clear that this eigenvalue is
always the highest one in the spectrum, while the
other eigenvalues of an (N,E)-blocks lie between 0
and N(N − 1)/2.
C. Bounds on the LLL Hamiltonian
In establishing bounds on HLLL, the following ex-
plicit representation of the resonant summation in
(33) will prove convenient:
HLLL = 1
2
∞∑
j=0
j∑
n,k=0
CLLLn,j−n,k,j−kα
†
nα
†
j−nαkαj−k.
(44)
(Resonant summations in this form have been exten-
sively employed in [42].) From this representation
and (34), one may immediately write
HLLL = 1
2
∞∑
j=0
j!
2j
A†jAj , (45)
where
Aj =
j∑
n=0
αnαj−n√
n!(j − n)! . (46)
Thus, HLLL is manifestly a nonnegative operator
and all of its eigenvalues are nonnegative as claimed
under (43).
We then proceed to establish the upper bound on
HLLL, which is slightly less straightforward. Con-
sider
Hinv = N(N − 1)
2
−HLLL. (47)
Similarly to the previous proof, we wish to write
Hinv as a sum of manifestly nonnegative terms. Us-
ing [α†l , αk] = −δkl, we first note that
N(N − 1)
2
=
1
2
∞∑
k,l=0
α†kα
†
lαkαl (48)
=
1
2
∞∑
j=0
j∑
k=0
α†kα
†
j−kαkαj−k.
We then insert into this representation ofN(N−1)/2
a tautological decomposition of unity in terms of the
binomial identity
1 =
1
2j
j∑
l=0
j!
l!(j − l)! . (49)
With these preliminaries, one can straightforwardly
write
Hinv = 1
4
∞∑
j=0
j!
2j
j∑
k,l=0
Aj†klA
j
kl, (50)
where
Ajkl =
αk αj−k√
l!(j − l)! −
αl αj−l√
k!(j − k)! . (51)
This proves that HLLL is bounded from above by
N(N − 1)/2.
To summarize, all the eigenvalues HLLL within
an (N,E) block lie between 0 and the largest eigen-
value N(N − 1)/2, which corresponds to the state
ZE |N, 0, 0, . . .〉 as we have previously claimed.
D. Level spacing statistics
We have seen in the above treatment that the known
symmetries of the LLL Hamiltonian have powerful
implications for the structure of its spectrum. A
question naturally arises whether the symmetries
generated by (35) are all there is, or there are ex-
tra conserved operators in addition to N , E and Z.
While there is no algorithmic way to construct extra
conserved operators or prove their absence, quan-
tum chaos theory [14, 15] provides an attractive set
9of tools to shed light on this question. The bulk
of quantum chaos theory revolves around a set of
conjectures derived from extensive numerical exper-
imentation, and we will thus not have water-tight
theorems at our disposal. Nonetheless, we feel that
the indicators supplied by this approach are of great
practical use in our context.
A key tenet of quantum chaos theory is that
the quantum spectra of classically chaotic systems
have distances between neighboring energy levels
that obey a qualitatively different statistics from the
quantum spectra of classically integrable systems.
More specifically, distances between energy eigen-
values for a generic integrable system follow [17] the
Poisson distribution
ρPoisson(s) = e
−s. (52)
Here, s are distances between neighboring levels of
a properly normalized (more technically, ‘unfolded’)
energy level sequence that we shall discuss below.
The distribution (52) is the same as the distribution
of distances between points randomly thrown on a
line with a unit mean density. For a chaotic sys-
tem, on the other hand, one expects [18] the Wigner-
Dyson distribution, which is well approximated for
practical purposes by the ‘Wigner surmise’
ρWigner(s) =
pis
2
e−pis
2/4. (53)
This is the statistics of distances between eigenvalues
of real symmetric randommatrices with independent
identically distributed entries. Note that (53) van-
ishes at zero energy level separation, a phenomenon
known as ‘level repulsion.’
We have to clarify what is meant by the ‘unfolding’
procedure used to generate the normalized level dis-
tances s from a given set of energy levels. The need
for unfolding is most easily understood in the origi-
nal context of the quantum chaos theory, that is, the
energy spectra of chaotic quantum-mechanical sys-
tems with a few degrees of freedom, such as quantum
billiards [18]. In this situation, there are infinitely
many energy levels and the distances between the
neighboring levels may become progressively longer
or shorter as one moves to higher energies. Thus,
one is not even guaranteed to have the distribu-
tion of plain energy distances converge to a limit
as more and more energy levels are included. What
one must do is differentially rescale the spectrum so
that on intervals containing many energy levels the
mean density is 1 in any part of the spectrum. Then,
the common distribution function for level distances
will exist, and it is the level distance distributions in
thus unfolded level sequences for which the quantum
chaos conjectures are formulated. A contemporary
discussion of unfolding can be found in [14, 43, 44].
Unfolding may seem more subtle for inherently
finite samples of energy levels, such as the levels
within the (N,E)-blocks of the LLL Hamiltonian.
Nonetheless, the following simple-minded definition
[13] will prove perfectly effective for our purposes.
Consider a sample with K eigenvalues denoted EI
with I = 1, . . . ,K. We shall assume K to be rea-
sonably large (comparable to 1000 in our numerics).
One can choose an integer ∆ close to
√
K, and differ-
entially stretch the spectrum so that the level density
is 1 on intervals containing 2∆ energy levels in any
part of the spectrum. To this end, define the raw
unfolded sequence of level spacings
s
(raw)
I =
EI+1 − EI
EI+∆ − EI−∆ , (54)
with I = ∆ + 1,∆ + 2, . . . ,K − ∆. The divi-
sion by (EI+∆ − EI−∆) factors out the mean level
density over intervals containing 2∆ adjacent lev-
els and centered on the point of observation. We
then compute the average of this raw sequence s¯ =
(
∑K−∆
I=∆+1 s
(raw)
I )/(K − 2∆), and define the normal-
ized unfolded sequence
sI =
s
(raw)
I
s¯
, (55)
whose mean by construction equals 1. This is our
definition of s for comparing with (52) and (53).
While the smoothing parameter ∆ and the bin size
for plotting distribution histograms have to be cho-
sen by hand (though
√
K is the natural scale for
both), there are no free parameters in the distribu-
tions (52) and (53) and thus no fitting involved in the
comparison after the histograms have been plotted.
We note that the chaotic Wigner-Dyson distribu-
tion, which we have approximately represented by
the Wigner surmise (53), is only expected to emerge
if the spectrum is separated into blocks according
to the values of all pairwise commuting conserved
operators (the analogs of globally defined classical
integrals of motion in involution). The underlying
philosophy is that for each specific value of such
commuting conserved operators, one essentially has
an independent Hamiltonian system, and the spec-
tra of these individual Hamiltonian systems are not
expected to be correlated. Then, lumping together
the different blocks for computing the level spacing
statistics would wash out the level repulsion phe-
nomenon, which is responsible for the shape of (53)
and requires correlations between the energy levels
(see for example section 3.1 of [16]).
This is precisely what one could see in the nu-
merical analysis of the LLL Hamiltonian in [13]. In
that analysis, guided by the general structure of the
eigenvalue problems for resonant Hamiltonians, the
eigenvalues were split into (N,E)-blocks. Within
such blocks, a Poissonian distribution of unfolded
level spacings was seen, and the question was raised
about its implications. We now answer this question
by noticing that N and E are not the only quanti-
ties commuting with each other and HLLL, as ZZ†
commutes with all the three. One must then sep-
arate the LLL Hamiltonian eigenvalues into blocks
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FIG. 2. The Wignerian distribution of the unfolded level
spacings in the Z†-kernel of the (27, 27)-block of the LLL
Hamiltonian. The green curve is the Wigner surmise
(53), while the red curve is the Poisson distribution (52).
not only according to their values of N and E, but
also according to the values of ZZ†.
In practice, because of the structure of the eigen-
value problem of HLLL described in section III B, it
is sufficient to consider the eigenvectors of HLLL an-
nihilated by ZZ†, i.e., the eigenvectors in the kernel
of Z†. Indeed, all other ZZ†-blocks are simply inher-
ited through repeated action of Z on the Z†-kernel
of some other (N,E)-block with a lower value of E.
So the variety of statistics present in the problem is
fully exhausted by looking at Z†-kernels only.
We have implemented this procedure for the N =
E = 27 block that has already been considered in
[13]. If the joint level spacing statistics in the entire
block is plotted, one sees a Poissonian distribution,
as in [13]. If the levels outside the Z†-kernel are ex-
cised, one obtains the distribution in Fig. 2. This
distribution is very far from the Poissonian shape,
and close to the Wigner-Dyson shape, which is a
strong argument against integrability. (For an in-
tegrable system, one expects the distribution to be
Poissonian in all large blocks, along the lines of the
Berry-Tabor results [17].) One may notice that the
actual distribution in Fig. 2 is slightly shifted to
the left compared to the Wigner-Dyson curve. This
shift, in fact, increases when one moves to other
blocks away from N = M . There, the level repulsion
decreases, and one gets what is known as crossover
behaviors. For N  M , the distribution acquires
Poissonian features. This does not change our con-
clusions on integrability, but creates room for some
subtle structures. The actual distributions are given
in Appendix B.
E. Generalizations
We briefly comment on possible generalizations of
the material of this section that take us outside the
immediate scope of the present article. Resonant
systems of the form (33), with various assignments
of the interaction coefficients C, have appeared in
studies of weakly nonlinear problems emerging from
a range of physical applications. Apart from cold
atomic gases and Bose-Einstein condensates, there
are applications in high-energy and gravitational
physics, in particular due to connections to the topic
of instability of the Anti-de Sitter spacetime [45, 46],
and dynamics of related nonlinear wave equations in
highly symmetric spacetimes [22, 25]. Such resonant
systems are also of relevance to the Hartree equation
in harmonic potentials [23].
A number of resonant systems emerging from such
weakly nonlinear considerations [20, 22, 23, 25] pos-
sess features closely reminiscent of what we have
used above to analyze the resonant LLL Hamilto-
nian. In [41], these features have been distilled into
a formulation of a very large class of resonant sys-
tems that, in particular, admit an analog of the Z-
conservation that has played a crucial role in the
derivations of this section. In [13], numerical anal-
ysis of the quantum version of these systems was
performed, demonstrating a number of distinctive
traits, such as the eigenvalue inheritance from lower
to higher values of E in the (N,E)-blocks, and the
maximal eigenvalue within each block being equal
to N(N − 1)/2. We have seen in this section how
these observations can be proved for the LLL system.
Analogous proofs will hold for other systems in the
large class formulated in [41]. In particular, the Z-
conservation will directly translate into eigenvalue
inheritance, while an upper bound on the eigenval-
ues will follow (at least for systems with positive
interaction coefficients) from a generalization of the
summation identity (49) that plays a defining role
in the constructions of [41]. This opens up space
for applications of the material of this section, in a
slightly modified form, to a number of very different
physical problems.
IV. GENERIC ENERGY LEVELS
As we turn to generic (N,E,M)-blocks of the reso-
nant Hamiltonian (24), we essentially have to retrace
the steps taken in the previous section for the LLL
blocks with E = M , but the amount of technical
effort required increases. A large part of the rea-
son is that the interaction coefficients (19) no longer
have a simple closed form like (34) and are expressed
through the Laguerre polynomials as
Cm1m2m3m4n1n2n3n4 = 2
(
4∏
i=1
√
( 12 (ni −mi))!
( 12 (ni +mi))!
)
(56)
×
∫ ∞
0
dρ e−2ρρ(m1+m2+m3+m4)/2
(
4∏
i=1
Lmini−mi
2
(ρ)
)
.
There is also a much bigger set of conserved op-
erators (27-32) that must be taken into account.
(Note that integrals of quadruple products of La-
guerre polynomials of the form (56) have many spe-
cial properties. For example, for the radially sym-
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metric case mi = 0, there is appreciable mathemat-
ical literature on positivity [47] and combinatorial
interpretations [48, 49] of such integrals.)
As for the LLL case, there is inheritance of eigen-
values of Hres from blocks with lower E and M to
higher blocks via the action of Z± andW as depicted
on Fig. 1. New eigenvalues, not found in the lower
blocks, always enter through the joint kernel of Z†±
and W †, i.e., the subspace of states |Ψ〉 satisfying
Z†±|Ψ〉 = 0, W †|Ψ〉 = 0. (57)
Similarly to the previous section, acting on the state
where all the N particles occupy the lowest energy
mode with different arrangements of Z± and W re-
sults in states of energy N(N − 1)/2 in each of
the higher (N,E,M)-blocks. Unlike the LLL sec-
tor, these states may have high multiplicities within
their (N,E,M)-blocks as there are many inequiva-
lent ways to reach the same (N,E,M)-block acting
with different arrangements of Z± and W . As for
the LLL sector, N(N − 1)/2 is the highest energy
state within each (N,E,M)-block as a consequence
of bounds on the resonant Hamiltonian (24).
Establishing bounds on Hres is considerably more
involved than for the case of HLLL, and we give
the proofs in Appendix C. These proofs retrace the
mathematical literature [11, 12], but in a language
more accessible to physicists. The result is that all
the eigenvalues in general (N,E,M)-blocks lie be-
tween 0 and the maximal eigenvalue N(N −1)/2, as
in the previous section.
The conserved operators N , E, M , Z±, Z
†
±, W
and W † obey the following commutator algebra,
where we only give the nonzero commutators explic-
itly:
[E,Z±] = Z±, [M,Z±] = ±Z±, [E,W ] = 2W,
[Z±, Z
†
±] = −N, [Z±,W †] = −Z†∓,
[W,W †] = −E −N. (58)
A convenient combination is
W˜ = W − Z−Z+N−1 (59)
satisfying [Z±, W˜ †] = 0. The operators Z+Z
†
+,
Z−Z
†
− and W˜W˜ † commute among themselves and
with N , E, M and Hres. In fact, if one chooses a
large (N,E,M)-block and diagonalizes Hres, Z+Z†+,
Z−Z
†
− and W˜W˜ † simultaneously within this block,
this allows for recovering the energy eigenvalues of
all the lower blocks from which one can reach the
given block by the moves in Fig. 1. Indeed, the
kernel (57), containing all the newly added energy
eigenvalues not found in the lower blocks, evidently
corresponds to zero eigenvalues of Z+Z
†
+, Z−Z
†
− and
W˜W˜ †, while all the other ‘descendant’ energy eigen-
values that have arrived in the current block from
the lower blocks are marked by positive eigenvalues
FIG. 3. The Wignerian distribution of the unfolded
level spacings in the joint (Z†+, Z
†
−,W
†) kernel of the
(7, 22, 16)-block of the resonant Hamiltonian. The green
curve is the Wigner surmise (53), while the red curve is
the Poisson distribution (52).
of Z+Z
†
+, Z−Z
†
− and W˜W˜ †. These latter eigenval-
ues are easily obtained from the commutation rela-
tions (58), and encode the number of moves in Fig. 1
necessary to reach the current block from the block
where a particular energy eigenvalue first appeared.
In implementing our analysis of the level spacing
statistics, as in section IIID, we must likewise sepa-
rate the eigenvalues of Hres according to all the six
mutually commuting conserved quantities N , E, M ,
Z+Z
†
+, Z−Z
†
− and W˜W˜ †. In practice, it is sufficient
to consider zero values of the last three quantities,
i.e., the eigenstates in the joint kernel (57). Eigenval-
ues outside this kernel in a given (N,E,M)-block al-
ways descend through the action of Z± and W from
the kernel eigenvalues of a lower (N,E,M)-block.
With this picture in mind, we have plotted the un-
folded level spacing distribution in the (Z†±,W †)-
kernel of the (N,E,M) = (7, 22, 16) block, given in
Fig. 3. The distribution is Wignerian and suggests
that no symmetry structures beyond (27-32) are to
be expected. We give two extra level spacing distri-
butions for different blocks in Appendix B. In this
case, unlike the LLL sector, the distribution is very
close to the Wigner-Dyson curve for all the blocks
we have studied.
V. DISCUSSION
We have analyzed the problem of energy level
splitting for quantum bosons in a two-dimensional
isotropic harmonic trap under the influence of weak
contact interactions. The problem is shown to be
identical (at linear order in the interaction strength)
to diagonalizing the quantized resonant system of
the Gross-Pitaevskii equation. Known symmetries
of this resonant system impart a highly constrained
structure to the energy spectrum. The action of the
symmetries copies the energy shifts from lower to
higher unperturbed energy levels, so that infinitely
many exactly integer energy differences character-
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istic of noninteracting bosons in a harmonic trap
survive (this is a reflection of the exact pattern in
the spectrum valid at finite coupling). New values
of energy shifts (in addition to the ones having de-
scended from lower unperturbed levels via the action
of the symmetries) always enter through explicitly
described kernels of the symmetry generators. These
symmetry structures can be used to optimize the
numerical construction of eigenstate energies. The
highest energy level splitting off the unperturbed
level with E units of energy and N particles is ex-
plicitly given as
E˜max = E + g
N(N − 1)
2
+O(g2), (60)
while all the others lie between E and E˜max.
We have furthermore analyzed the level spacing
statistics in the fine structure emanating from in-
dividual unperturbed levels under the influence of
weak contact interactions. The purpose is to use the
standard lore of quantum chaos theory to shed light
on the question of possible integrability (or, more
generally, extra symmetry structures) in the reso-
nant system of the Gross-Pitaevskii equation (whose
quantized version describes the energy level split-
ting). Speculations about possible integrability of
this resonant system (and its close relatives) have
been voiced in the literature [11, 13, 25], in partic-
ular due to some intriguing parallels seen between
these systems and the cubic Szegő equation [50],
which is known to be integrable. Our analysis of the
level spacing statistics suggests that no integrability
is to be expected. Outside the LLL sector (blocks
with the maximal amount of rotation), we observe
Wignerian level spacing distributions, characteristic
of strongly chaotic systems. Within the LLL sector,
there is a range of behaviors ranging from nearly
Wignerian, to crossover, to Poissonian, which may
be alluding to some very subtle analytic structure,
but not to integrability.
A few classical systems possess symmetries closely
analogous to those of the Gross-Pitaevskii equation,
which is the classical version of (1), both at the
level of the original PDE, and at the level of extra
symmetry enhancements in the resonant approxima-
tion. We specifically mention the conformally cou-
pled cubic wave equation on the 3-sphere [25] and
the Hartree equation in a harmonic trap in four spa-
tial dimensions [23]. Similarly, if one replaces the
|Ψ|4 interaction that has characterized our consider-
ations by |Ψ|6, there are systems in lower numbers
of spatial dimensions [51, 52] that respect symmetry
structures of the sort underlying our current study.
There is additionally a very large class of resonant
systems explicitly constructed in [41] in a way that
guarantees the presence of the same type of sym-
metries. For all the systems mentioned, one expects
that quantization will generate energy level patterns
closely analogous to what we have observed in the
present treatment.
We finally comment on the ‘quantum Gross-
Pitaevskii equations’ [53], a hierarchy of equa-
tions inspired by variational tensor network tech-
niques and interpolating between the classical Gross-
Pitaevskii equation and quantum bosons with con-
tact interactions described by (1). Since the opera-
tion of enhanced symmetries in the weak coupling
regime has by now been seen both in the Gross-
Pitaevskii equation [12, 20, 37–39] and in the full
quantum system in our present work, one expects
it to have manifestations within the entire quantum
Gross-Pitaevskii hierarchy. It would be interesting
to investigate this subject further.
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Appendix A: Conservation of Z+, Z− and W
The three proofs in this appendix closely retrace section 3 and the appendix of [41]. One has to prove
that [Z±,Hres] = [W,Hres] = 0. Evaluating the commutators directly, which is identical to the time-
differentiation in section 3 of [41], produces expressions that vanish provided that certain four-term identities
are satisfied by the interaction coefficients (19). These identities are then proved using the following properties
of the Laguerre polynomials:
∂ρL
µ
n = −Lµ+1n−1, (A1)
Lµn = L
µ+1
n − Lµ+1n−1, (A2)
nLµn = (n+ µ)L
µ
n−1 − ρLµ+1n−1. (A3)
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1. Conservation of Z+
Direct computation of the commutator [Z+,Hres] produces an expression that vanishes if
Dmm1m2m3nn1n2n3 ≡
√
n+m
2
Cm−1,m1m2,m3n−1,n1n2,n3 +
√
n1 +m1
2
Cm,m1−1,m2m3n,n1−1,n2n3
−
√
n2 +m2 + 2
2
Cmm1,m2+1,m3nn1,n2+1,n3 −
√
n3 +m3 + 2
2
Cmm1m2,m3+1nn1n2,n3+1 = 0,
(A4)
whenever n3 = n+ n1 − n2 − 1 and m3 = m+m1 −m2 − 1. Multiplying by√
((n+m)/2)!
((n−m)/2)!
((n1 +m1)/2)!
((n1 −m1)/2)!
((n2 +m2)/2)!
((n2 −m2)/2)!
((n3 +m3)/2)!
((n3 −m3)/2)! (A5)
and substituting the interaction coefficients (56), we write
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ e−2ρρm+m1−1
[n+m
2
Lm−1n−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+
n1 +m1
2
Lmn−m
2
Lm1−1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
− ρLmn−m
2
Lm1n1−m1
2
Lm2+1n2−m2
2
Lm3n3−m3
2
− ρLmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3+1n3−m3
2
]
,
(A6)
where we have used n3 = n+ n1 − n2 − 1 and m3 = m+m1 −m2 − 1. We apply the identities (A2-A3) to
the first two terms, while for the last two terms, we use (A2), obtaining
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ e−2ρρm+m1−1[(m+m1 − 2ρ)Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
− ρ(Lm+1n−m
2 −1
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+ Lmn−m
2
Lm1+1n1−m1
2 −1
Lm2n2−m2
2
Lm3n3−m3
2
+ Lmn−m
2
Lm1n1−m1
2
Lm2+1n2−m2
2 −1
Lm3n3−m3
2
+ Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3+1n3−m3
2 −1
)].
(A7)
Using the remaining identity (A1), we note that this expression is a total derivative:
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ ∂ρ
(
e−2ρρm+m1Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
)
= e−2ρρm+m1Lmn−m
2
(ρ)Lm1n1−m1
2
(ρ)Lm2n2−m2
2
(ρ)Lm3n3−m3
2
(ρ)
∣∣∣ρ=∞
ρ=0
.
(A8)
The Laguerre polynomials of the form Lmn−m
2
do not have any powers of ρ below ρ−m, which ensures this
last expression is zero, completing the proof.
2. Conservation of Z−
The proof is analogous to the one above. Direct computation of the commutator [Z−,Hres] produces an
expression that vanishes if
Dmm1m2m3nn1n2n3 ≡
√
n−m
2
Cm+1,m1m2,m3n−1,n1n2,n3 +
√
n1 −m1
2
Cm,m1+1,m2m3n,n1−1,n2n3
−
√
n2 −m2 + 2
2
Cmm1,m2−1,m3nn1,n2+1,n3 −
√
n3 −m3 + 2
2
Cmm1m2,m3−1nn1n2,n3+1 = 0,
(A9)
whenever n3 = n+ n1 − n2 − 1 and m3 = m+m1 −m2 + 1. Multiplying by (A5) and substituting (56), we
get
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ e−2ρρm+m1
[
ρLm+1n−m
2 −1
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+ ρLmn−m
2
Lm1+1n1−m1
2 −1
Lm2n2−m2
2
Lm3n3−m3
2
− n2 −m2 + 2
2
Lmn−m
2
Lm1n1−m1
2
Lm2−1n2−m2
2 +1
Lm3n3−m3
2
− n3 −m3 + 2
2
Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3−1n3−m3
2 +1
]
.
14
We apply identity (A1) on the first two terms. The last two terms can be rewritten by applying (A2) first,
followed by (A3) and using again (A2), which is equivalent to(
n−m
2
+ 1
)
Lm−1n−m
2 +1
= (m− ρ)Lmn−m
2
− ρLm+1n−m
2 −1
. (A10)
Afterwards, we group all the terms to isolate a total derivative, as in the previous proof
Dmm1m2m3nn1n2n3 ∼ −
∫ ∞
0
dρ e−2ρρm+m1 [(m2 +m3 − 2ρ)Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+ ρ∂ρ(L
m
n−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
)]
= −
∫ ∞
0
dρ ∂ρ
(
e−2ρρm+m1+1Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
)
= e−2ρρm+m1+1Lmn−m
2
(ρ)Lm1n1−m1
2
(ρ)Lm2n2−m2
2
(ρ)Lm3n3−m3
2
(ρ)
∣∣∣ρ=∞
ρ=0
.
(A11)
The expression is zero, which proves the conservation of Z−.
3. Conservation of W
Direct computation of the commutator [W,Hres] produces an expression that vanishes if
Dmm1m2m3nn1n2n3 ≡
√
(n+ 2)2 −m2
2
Cm,m1m2,m3n+2,n1n2,n3 +
√
(n1 + 2)2 −m21
2
Cm,m1,m2m3n,n1+2,n2n3
−
√
n22 −m22
2
Cmm1,m2,m3nn1,n2−2,n3 −
√
n23 −m23
2
Cmm1m2,m3nn1n2,n3−2 = 0,
(A12)
whenever n+ n1 = n2 + n3 − 2 and m+m1 = m2 +m3. Multiplying by (A5) and substituting (56), we get
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ e−2ρρm+m1
[n+ 2−m
2
Lmn+2−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+
n1 + 2−m1
2
Lmn−m
2
Lm1n1+2−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
− n2 +m2
2
Lmn−m
2
Lm1n1−m1
2
Lm2n2−2−m2
2
Lm3n3−m3
2
− n3 +m3
2
Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−2−m3
2
] (A13)
We now apply the identity (A3) to the four terms, yielding
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ e−2ρρm+m1 [(m+m1 + 1)Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
− ρ(Lm+1n−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+ Lmn−m
2
Lm1+1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
+ Lmn−m
2
Lm1n1−m1
2
Lm2+1n2−m2
2 −1
Lm3n3−m3
2
+ Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3+1n3−m3
2 −1
)],
(A14)
where we have used n+n1 = n2 +n3− 2 and m+m1 = m2 +m3. Finally, we apply (A2) to the second and
third term, and identify a total derivative using (A1), giving
Dmm1m2m3nn1n2n3 ∼
∫ ∞
0
dρ ∂ρ
(
e−2ρρm+m1+1Lmn−m
2
Lm1n1−m1
2
Lm2n2−m2
2
Lm3n3−m3
2
)
= e−2ρρm+m1+1Lmn−m
2
(ρ)Lm1n1−m1
2
(ρ)Lm2n2−m2
2
(ρ)Lm3n3−m3
2
(ρ)
∣∣∣ρ=∞
ρ=0
.
(A15)
The Laguerre polynomials of the form Lmn−m
2
do not have any powers of ρ below ρ−m, which ensures that
the last expression is zero and W is conserved.
Appendix B: More information on the level spacing statistics
In this appendix, we present a few extra plots of level spacing statistics that are not crucial for our conclusions
in the main text (that integrability is unlikely), but give a broader perspective, and also bring forth some
interesting details.
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(a) N = 55, E = 30. (b) N = 7, E = 43.
FIG. 4. Crossover (a) and Poissonian (b) level spacing distributions for two different blocks in the LLL sector.
(a) N = 10, E = 16, M = 2. (b) N = 10, E = 17, M = 3.
FIG. 5. Wignerian distributions in two different blocks away from the LLL sector.
As we remarked in the main text in section III, the LLL sector is characterized by distributions that are
not exactly Wignerian, but somewhat shifted towards the Poissonian curve. Such distributions are often de-
scribed as ‘crossover’ behaviors, and characterize chaotic systems with relatively weak chaotic dynamics (for
example, small chaotic perturbations of integrable systems). Observing these distributions makes integra-
bility unlikely, but leaves some room for more subtle features. The distributions appear close to Wignerian
when N ≈ M and morph in the direction of the Poissonian curve as one moves away from that region. If
N M , Poissonian behaviors are observed. This is depicted in Fig. 4 for two particular blocks.
Away from the LLL sector, we have consistently observed Wignerian distributions, exemplified by two
specific blocks in Fig. 5. In particular, the level repulsion is clearly visible as the leftmost point of each plot
fits the Wignerian curve very accurately.
Appendix C: Bounds on the two-dimensional resonant Hamiltonian
Proofs of bounds on the resonant Hamiltonian (24) are given in [11], but in a language that may be not
immediately accessible for readers with physics backgrounds. The purpose of this appendix is to recast these
proofs in a way that is more straightforward, even if less rigorous. We also need to translate the proofs of
[11], given for the classical theory, into statements about the quantum resonant Hamiltonian (24).
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1. Positivity
Consider
Ψ(r, θ) =
∑
n,m
αnm ψnm(r) e
−i(n+1)θ, (C1)
with the normalized harmonic oscillator energy eigenstates ψnm given by (17) and r ≡ (x, y). This expression
is, of course, simply the Heisenberg operator of the field Ψ. We use the angle-like notation θ for the
time variable in this representation to emphasize that the harmonic oscillator evolution (and hence the
above Heisenberg operator) is exactly periodic. With this notation, the resonant Hamiltonian (24) with the
interaction coefficients (19) is written as
Hres = 1
2
∫ pi
−pi
Ψ†2(r, θ) Ψ2(r, θ) dr dθ, (C2)
where we have used
∫ pi
−pi e
i(n1+n2−n3−n4)θdθ = 2piδn1+n2,n3+n4 . Since this expression is an integral of the
manifestly positive operator Ψ†2Ψ2, Hres is positive.
2. Upper bound
Proving the upper bound Hres ≤ N(N−1)/2 will require more effort than the positivity proof. The classical
version of this statement is proved in [11] and turns out equivalent to constructing bounds on the so-called
Strichartz norms. The latter problem has been extensively studied in the mathematical literature starting
with [54, 55], however, sharp bounds with explicit numerical coefficients of the sort we need here appeared
only rather recently [56, 57]. We find the proofs of [57] particularly graceful and easy to adapt for our
purposes. Arguments based on the heat kernel, as in [11, 56], are not straightforwardly translated to the
quantum Hamiltonian (24). Our presentation below essentially retraces the proof of [57] in a physicist’s
language, and extends it to the quantum case.
The evolution of (C1) is expressed through the harmonic oscillator propagator as
Ψ(r, θ) = eiθ(∂
2
x+∂
2
y−x2−y2)/2Ψ(r, 0) =
1
2pii sin θ
∫
exp
[
− (r
2 + r′2) cos θ − 2(rr′)
2i sin θ
]
Ψ(r′, 0) dr′. (C3)
We note that Ψ(r, θ + pi) = −Ψ(−r, θ), which lets us reduce the range of integration in (C2) as
Hres =
∫ pi
0
Ψ†2(r, θ) Ψ2(r, θ) dr dθ. (C4)
Then,
Hres =
∫ pi
0
dθ
∫
dr
(
4∏
i=1
dri
)
e
i
2 (r
2
3+r
2
4−r21−r22) cot θei(r(r1+r2−r3−r4))/ sin θ
(2pi sin θ)4
Ψ†(r1)Ψ†(r2)Ψ(r3)Ψ(r4), (C5)
where we have reverted to the notation Ψ(r) ≡ Ψ(r, 0). Now introduce k = r/ sin θ and τ = cot θ so that
Hres =
∫ ∞
−∞
dτ
∫
dk
(
4∏
i=1
dri
)
eiτ(r
2
3+r
2
4−r21−r22)/2ei(k(r1+r2−r3−r4))
(2pi)4
Ψ†(r1)Ψ†(r2)Ψ(r3)Ψ(r4)
=
1
pi
∫ ( 4∏
i=1
dri
)
δ(r23 + r
2
4 − r21 − r22) δ(r1 + r2 − r3 − r4) Ψ†(r1)Ψ†(r2)Ψ(r3)Ψ(r4). (C6)
We note that the transformations we have just performed are closely linked to the connection between
harmonic oscillator and free motion known as the lens transform [33, 34]. One may notice the appearance of
the characteristic energy-momentum conservation of a free particle in the δ-functions of (C6). It may seem
surprising that the ‘energies’ and ‘momenta’ in the δ-functions are expressed through the coordinates ri, but
in fact the expression is invariant under Fourier transform, as emphasized in [11], so the momentum-space
analog of (C6) is given by the same expression, but with ri replaced by the corresponding momenta ki and
the conservation of energy given by the standard expression. Note that the said invariance of Hres under
the Fourier transform of Ψ is a direct consequence of (C4) being an integral of a periodic function, whose
integration range can be freely shifted, and (C3) being invariant under a shift of θ by pi/2 combined with
17
a Fourier transform (which is the well-known emergence of Fourier transforms at a quarter-period in the
evolution of the quantum harmonic oscillator).
Back to our problem, introduce R = (r1 + r2)/2, s = (r1 − r2)/2, R′ = (r3 + r4)/2, s′ = (r3 − r4)/2 so
that dr1dr2dr3dr4 = 4dR ds dR′ ds′ and
Hres = 1
pi
∫
dR ds dR′ ds′ δ(s2 − s′2) δ(R−R′) Ψ†(R + s) Ψ†(R− s) Ψ(R′ + s′) Ψ(R′ − s′). (C7)
We now examine the action of the following operator Sˆ on a general (complex number valued) test function
h(R, s):
[Sˆh](R, s) =
1
pi
∫
dR′ ds′ δ(s2 − s′2) δ(R−R′)h(R′, s′). (C8)
In polar coordinates (s, σ) on the s-plane, any function can be expanded in a Fourier series as
h(R, s) =
∞∑
m=−∞
hm(R, s) e
imσ. (C9)
Then,
[Sˆh](R, s) =
1
pi
∞∑
m=−∞
hm(R, s)
∫ 2pi
0
eimσdσ
∫ ∞
0
δ(s2 − s′2) s′ ds′ = h0(R, s). (C10)
Thus, Sˆ is simply the orthogonal projector on the zero angular momentum subspace (m = 0). But any
projector is bounded from above by the identity operator, and hence, for any h(R, s),
1
pi
∫
dR ds ds′ δ(s2 − s′2)h∗(R, s)h(R, s′) ≤
∫
dR ds |h(R, s)|2. (C11)
Consider the expectation value 〈Φ|Hres|Φ〉 with an arbitrary state |Φ〉. Insert the decomposition of unity
in terms of a complete basis of states |Φ′〉 into Hres given by (C7) between Ψ†(R + s) Ψ†(R − s) and
Ψ(R′ + s′) Ψ(R′ − s′) to obtain
〈Φ|Hres|Φ〉 =
∑
|Φ′〉
1
pi
∫
dR ds ds′ δ(s2 − s′2)〈Φ|Ψ†(R + s)Ψ†(R− s)|Φ′〉〈Φ′|Ψ(R + s′)Ψ(R− s′)|Φ〉
=
∑
|Φ′〉
1
pi
∫
dR ds ds′ δ(s2 − s′2)h∗ΦΦ′(R, s)hΦΦ′(R, s′) (C12)
with hΦΦ′(R, s) = 〈Φ′|Ψ(R + s)Ψ(R− s)|Φ〉. By (C11), for any |Φ〉,
〈Φ|Hres|Φ〉 ≤
∑
|Φ′〉
∫
dR ds
∣∣hΦΦ′(R, s)∣∣2 = ∑
|Φ′〉
∫
dR ds〈Φ|Ψ†(R + s)Ψ†(R− s)|Φ′〉〈Φ′|Ψ(R + s)Ψ(R− s)|Φ〉
= 〈Φ|
∫
dR dsΨ†(R + s)Ψ†(R− s)Ψ(R + s)Ψ(R− s)|Φ〉. (C13)
Converting back from R and s to r1 and r2, we get∫
dR dsΨ†(R+s)Ψ†(R−s)Ψ(R+s)Ψ(R−s) = 1
2
∫
dr1dr2 Ψ
†(r1)Ψ†(r2)Ψ(r1)Ψ(r2) =
N(N − 1)
2
, (C14)
since N =
∫
Ψ†(r)Ψ(r)dr and [Ψ†(r′),Ψ(r)] = −δ(r′ − r). We have thus proved that Hres is bounded from
above by N(N − 1)/2, as intended.
We conclude with some remarks on the proof of the upper bound we have just presented. Our proof is
admittedly rather naive from a mathematical perspective. First, we have not been careful in specifying the
functional spaces to which the various functions belong in deriving (C11), though a mathematically rigorous
derivation of the same bound can be found in [57]. Second, in the quantum context, everything becomes
even more subtle, as rigorous analysis would require a much more accurate definition of the space of states
and dealing with issues of convergence in the decomposition of unity in (C12), etc. We believe that our
derivations capture the essence of the problem, however. Importantly, the end result is just a constraint on
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the diagonalization of finite-sized matrices for the problem of level splitting found in the main text, which is
perfectly well-defined in terms of elementary mathematics. This constraint (the eigenvalues lying between 0
and N(N − 1)/2) is furthermore empirically validated by our numerical diagonalization for concrete energy
levels.
The derivations presented above are phrased through the representation of the resonant Hamiltonian given
by (C6), which is illuminating, but rather unintuitive in the context of a harmonic trap problem. It would
be interesting to construct a more direct proof in the Laguerre polynomial basis, but we are not aware of
an easy way to do this. If one only keeps the modes with m = 0 in the resonant system, the positivity
results for integrals of products of Laguerre polynomials [47] and the summation identities of [20] allow for a
direct generalization of the elementary upper bound proof in section III C. This proof cannot be immediately
adapted, however, to the full resonant system, which has both positive and negative interaction coefficients.
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